International Journal of Theoretical Physics, Vol. 40, No. 12, December 20@D(Q1)
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The asymptotic behavior of the energy—momentum tensor for a free quantized scalar
field with massm and curvature coupling in de Sitter space is investigated. It is
shown that for an arbitrary, homogeneous, and isotropic, fourth-order adiabatic state for
which the two-point function is infrared finitéTap) approaches the Bunch—Davies de
Sitter invariant value at late timesrii2 + £R > 0. In the casen = £ = 0, the energy—
momentum tensor approaches the de Sitter invariant Allen—Folacci value for such a state.
Form? + £R = 0 butm andé not separately zero, it is shown that at late tinigg,)

grows linearly in terms of cosmic time leading to an instability of de Sitter space. The
asymptotic behavior is again independent of the state of the fieldnFar£R < 0, it

is shown that, for most values nfandé, (Tap) grows exponentially in terms of cosmic

time at late times in a state dependent manner.

1. INTRODUCTION

The exponential expansion and maximal symmetry of de Sitter space allow
for the possibility that quantum effects can be important even at late times when
the universe is large. This has been born out by calculations of both the energy—
momentum tensofT,p) and the quantityg?). For example, it has been shown for
free scalar fields thdt?) has a constant value atithy) is equal to a constant times
the metric tensor if the fields are in the de Sitter invariant state, which is sometimes
referred to as the Euclidean vacuum and sometimes referred to as the Bunch—
Davies state (Bunch and Davies, 1978; Chernikov and Tagirov, 1968; Dowker
and Critchley, 1976; Tagirov, 1973). It has also been shown that the quastjty
diverges at late times in de Sitter spacenff + £R < 0, with m the mass of the
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field andg its coupling to the scalar curvature(Allen and Folacci, 1987; Linde,
1982; Starobinsky, 1982; Vilenkin and Ford, 1982).

The fact that quantum effects can be significant when the universe is large
means that it is possible for backreaction effects to also be important. In fact, if
certain components of the energy—momentum tensor become too large then de
Sitter space will be unstable. This is because the backreaction of the fields on the
spacetime geometry will cause the expansion rate to cease being exponential. It
is well known that such instabilities occur for certain classical scalar fields in de
Sitter space (Dolgov, 1983; Ford, 1987) and for certain interacting quantized fields
(Ford, 1987). It would seem likely that similar instabilities might occur for free
quantized fields particularly given the divergent behavior exhibited by the quantity
(¢?) in some cases.

Most previous studies of quantum effects in de Sitter space have focused
on either de Sitter invariant states or the special O(4) invariant state discovered
by Allen (1985) that occurs for the massless minimally coupled scalar field.
Some exceptions are studies of the behavior of the quasty for arbitrary
states (Linde, 1982; Starobinsky, 1982; Vilenkin and Ford, 1982), and a study
of the energy of excited states for scalar fields (Redmount, 1989). The most
general class of states for which the energy—momentum tensor is ultraviolet fi-
nite in a homogeneous and isotropic spacetime are fourth-order adiabatic states
(See for example, Birrel and Davies, 1982). It is important to consider this gen-
eral class of states because, unless the universe was expanding exponentially
when it began, it is very unlikely that the fields will be in de Sitter invariant
states.

In this paper, we investigate the asymptotic behaviofTgf) for quantized
scalar fields in arbitrary fourth-order adiabatic states in de Sitter space. The wave
equation for free scalar fields can be solved analytically in de Sitter space for
all values of the mass and the curvature coupling. Its solutions depend only on
the wave numbek of the mode and the parametet = § — m?a? — 12¢, with
R = 1202 the constant scalar curvature of de Sitter spacetime)foy < 32,
corresponding ton? 4+ £R > 0, we prove that for all fourth-order adiabatic states
the renormalized value dff,p) at late times asymptotically approaches the value
it has if the field is in the Bunch—Davies state. The conformally invariant scalar
field(m=0,& = %) falls into this class.

The case = %’ corresponding tan? + £ R = 0 is more complicated. In the
massless minimally coupled case we prove thig) for all physically admissible
states approaches the Allen—Folacci de Sitter invariant value (Allen and Folacci,
1987; Folacci, 1991a,b; Kirsten and Garriga, 1993). Numerical evidence for this
result was found previously in Habig al. (2000). If m?> = —£R # 0 then we
show that{T,,) grows linearly in terms of cosmic (proper) time at late times. This
leads to an instability of de Sitter space.
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An instability also occurs for most valuesmfandz if v > 2, corresponding
to m? + £R < 0. In these casefT,y,) grows exponentially at late times for all
fourth-order adiabatic states in a state dependent manner.

The paper is organized as follows: In Section 2 we review the quantization
of free scalar fields in a general Robertson-Walker (RW) spacetime. In Section 3
we analyze the late time behavior@t,,) in de Sitter space for the case< 3/2.
The cases = 3/2 andv > 3/2 are discussed in Sections 4 and 5, respectively. A
brief discussion of our results is given in Section 6.

2. SCALAR FIELD IN A ROBERTSON-WALKER BACKGROUND

The metric for a general RW spacetime can be written in the form
r2
1—«r2

Heren is the conformal timea(y) is the scale factor, and = 0, +1, —1 corre-
sponds to the cases of flat, spherical, and hyperbolic spatial sections, respectively.
Throughout we use units such that= ¢ = 1 and the Misneet al. (1973) con-
ventions for the curvature tensof 4 = I'fy . — ... andRap = RY .

We consider in this paper a free quantized scalar feldith the quadratic
action

ds® = a%(n) (—dn2 + + rzdszz) . (2.1)

S= ‘% / d*Xv/=0l(Va®)a**(Vo) + M?p* + £ Rg?], (2.2)

where V, denotes the covariant derivativ, is the scalar curvature, argl=
det @ap). The massn and curvature coupling are allowed to have any real value.
The wave equation fap obtained by varying this action is

_ 2 (Y18 (20 _ 1, @, 2 } _
[0+m +sR1¢(n,x)—[a4an(a ) - o e ¢_<(), |
2.3

with A® the covariant spatial Laplacian. For spacetimes with the metric (2.1) the
field ¢ can be expanded as a mode sum in the form (Birrell and Davies, 1982)

91, X) = % / ARO[V + A ], (24)

where the integration measure is given by

[ d% if « =0,
/dﬁ(k) =L dkY  if k=1,
Zk,l,m |f K = +1,
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and the spatial part of the mode functiorigx) obeys the equation
—APY(x) = (K — 1) Yk(), (2.5)

withk =1, 2,..., inthe case of closed spatial sections;y +1. The time depen-
dent part of the mode functiong obeys the equation

Vi + [kz + m?a? + <$ - %)aZR]I/fk =0, (2.6)

where primes denote derivatives with respect to the conformal time varjgdte
the scalar curvature in a general RW spacetime is given by

a’ K
R= 6<¥ + ?) 2.7

For the quantum field to satisfy the canonical commutation relations, the cre-
ation and annihilation operators are required to obey the commutation relations
[ak, aﬁ,] = 8w, Whereupon the&y, must obey the Wronskian condition

Uy — Y = 1. (2.8)

The unrenormalized expressions for the componentd gf are given by
Bunch (1980)

= —(18), = e [ @+ D] 7+ (0 + D
a a/2
(6 - 1)[g(wkw:/ s - (5 - we]] @oa

—ey +3py = (Thy = / dM(k)(anJrl){ m?a?|y|® + (66 — 1)

27124

x [—Illfﬁl2 + %(wkvfﬁ" + wm)] + (65 — 1)

a// a/2 1
X [kz +m?a? + (E — ¥> + (s — é)azR}WkF]}. (2.9b)

where we are considering states with an arbitrary number of pantiples(alak),
and the scalar measudg (k) is given by

i | Jo kR if e =0,—1,
/“(): YR if k=41
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Aswe are considering spatially homogeneous and isotropic initial states (consistent
with the RW symmetry)n, depends only on the magnitudlef the spatial wave
vectork.

Since(Typ)y is quartically divergent, a procedure for defining finite, renormal-
ized expectation values must be given. We will follow the adiabatic regularization
method (Fulling and Parker, 1974; Fullieg al, 1974; Parker, 1966; Parker and
Fulling, 1974). In this method the renormalization counterterms are constructed
using a fourth-order expansion ffF,p,). We denote these counterterms{yy) aq-

They are givenin Anderson and Parker (1987) and Bunch (1980). The renormalized
expressions are then

(Tab>ren = <Tab>u - <Tab>ad- (2-10)

This subtraction scheme is not manifestly covariant in form, since space and time
are treated quite differently. However, adiabatic regularization is equivalent to
a covariant point splitting procedure in which the points are split only in the
spacelike hypersurface of constanfAnderson and Parker, 1987; Birrell, 1978),
and thevaluesof the renormalizedT,) obtained by this procedure are the same

as in a strictly covariant one. Hence this subtraction procedure does correspond
to adjustment of counterterms to the quantum effective action,(®lren is
covariantly conserved. As discussed in detail in Anderson and Parker (1987), the
adiabatic terms in all cases consist of an integral rather than a sunk.oVae
reason is that subtraction corresponds to purely local counterterms in the effective
action, and thus must be independent of the global compactness or noncompactness
of the spatial sections.

A useful variation of the method of adiabatic regularization has been devel-
oped by two of us (Anderson and Eaker, 2000). In this method one first computes
a quantity(T,p)q, Obtained by expanding the adiabatic counterte(sg)aq in
inverse powers ok and truncating at orddr3. The same renormalized energy—
momentum tensor defined in Eq. (2.10) is separated into the sum &fiitederms
by adding and subtracting,p)q So that

<Tab>ren = (Tab)n + <Tab>ana
(Tab)n = (Tab)u - (Tab>d,
(Tab)an = (Tab)d - <Tab>ad- (2-11)

The full expressions fofT,p)g and (Tap)an are given in Anderson and Eaker
(2000) for a general RW spacetime. The advantage of this splitting isThat,
and(Ta,p)an are separately conserved, and moreo\&g)an may be computed an-
alytically in terms of the scale facta(n) and its derivatives (Anderson and Eaker,
2000). Thus the state dependence of the renormalikgii., resides completely
in {Tap)n, Which can be computed numerically.
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3. R(v) < 3/2

We now focus on the asymptotic evaluatior{®f,) in de Sitter space. The ge-
ometry of de Sitter spacetime can de described in a number of different coordinate
systems. Ik = 0, the spatial sections are flat and the scale factor is

a(n) =—=, —o0< <0, k=0, (3.1)
n

with o a real, positive constant, ail= 12«~2. If k = +1 then the scale factor is

a(n) = a sean, —% < p< T o« =41, (3.2)

>
which is equivalent t@(n) = o cscyp with 0< 5 < 7. AgainR = 12x~2.

We shall use the = 0 coordinates in the analysis of th&v) < 3/2 case
and thex = 1 coordinates for the cases> 3/2. No confusion should be caused
by our use of the same symbpfor conformal time in both cases of flat and closed
spatial sections, since these are treated separately.

For the case of Eq. (3.1) the general solution to the mode equation can be
written as (Bunch and Davies, 1978)

ive

1 1
Vi) = 5 (-mm)zex [cL(HP(—kn) + ca(k)HP(—kn)], (3-3)
where theH ™)@ are Hankel functions and

V2 = i—i — mPa® — 12%. 3.4
Whenv? > 0 we will choosev to be the positive root of (3.4). From Eq. (3.3) we
see that solutions to the mode equation in de Sitter space dependrms only
through their dependence on the parametéiote that because of the minus sign
in the arguments of the Hankel functions, it is the functitf¥ that corresponds to
a positive frequency mode in the largbmit. The normalization of the mode func-
tionin (3.3) has been chosen so that the Wronskian condition (2.8) becomes simply

()7 — Jea(K)? = L. (3:5)

The Bunch—Davies state is defined by the chaiges 1 andc, = 0 (withng = 0)
for all k. The renormalized value @T,p) in the Bunch—Davies state is (Bunch and
Davies, 1978; Dowker and Critchley, 1976)

a 1 3 3
e = =g+ (6= )Ry (5 ) +¥(5 )

51n Bunch and Davies (1978), the arguments of the Hankel functions are gikgrathen than-ki.
We have chosen to use nonnegative arguments to avoid complications that result from the fact that
these functions have branch cuts along the negative real axis.
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2
- Iog(lzqun )} - m2<§ - %) R— %mzR

1 1\* , R?
_é(g_é> R +ﬁ}’ (3.63)

wherey (2) = % is the digamma function.
For the general state witty £ 0 to remain fourth-order adiabatic, we must
have for large values d&f

k
) = <%,

for some complex functio@ (k) which vanishesinthe limk — oo. This condition

is necessary for an arbitrary (spatially homogeneous ) state to posses a finite
energy—momentum tensor after the fourth-order adiabatic subtraction defined by
(2.10). Likewise the same condition of finif€,,) requires us to restrict the average
number of particlessa&ak) = ng by

(3.7)

N (k)

k4’
for some real functiolN (k) which vanishes in the limk — oo. The two ultraviolet
conditions

ng = (3-8)

lim [C()| = Jim N() =0, (3.9)

on the physically allowed states guarantee that the Green'’s function for the scalar
field is locally of the Hadamard form (Junker, 1995, Linding, 1999¢dérs and
Roberts, 1999; Najmi and Ottewill, 1985), and that the divergencég,gf match
those of the fourth-order adiabatic vacuum, and are removed by the adiabatic
subtraction procedure.

To understand why the Bunch—Davies state serves as an attractor state let us
observe that at late times— 0™, the general state mode function (3.3) behaves
like

Y~ () ~ah, (3.10)

Substituting this into (2.9a) and (2.9b) shows that to leading order at late times
the contributions to the mode sums(@), behave like {7)3~2 ~ a?=3 for v

real. Since the renormalization counterterms are state independent (Bunch, 1980),
the state dependent terms are the same in the unrenormalized and renormalized
guantities. One can perform all the UV renormalization in the Bunch—Davies state
at a fixed time and collect the remaining finite state dependent terms which are
unaffected by the subtraction procedure, and they all fall off at least as fast as
(—n)*2 asn — 0~ for f(v) < 3.
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To prove this result we first note that for an arbitrary fourth-order adiabatic
state we can make use of Eq. (3.5) to show that

(Tab)ren = (Tab)eD + (Tab)sp: (3.11)

where (Tap)sp is composed of finite state dependent terms, depending on the
coefficientscy (k), co(k), andng. It may be expressed as an integral over the wave
numberk in the form

1 o0
(Tab)sp = —4 > / dk lap(k, n). (3.12)
T Jo

The leading order contributions t{ at late times are the same as those(Tg)
discussed above. Thus they go liken)>~2". To find the asymptotic behavior of
(T&)sp one must first compute the mode integral and then take thesjimit 0.

We proved in Andersoat al.(2000) that it is possible to interchange the order of
these operations. Sindg vanishes at late times for all valuesloit is then clear
that(T2)sp do as well. Therefore, for an arbitrary fourth-order adiabatic state and
for M(v) < 3/2(TZ) asymptotically approaches the values they would have if the
field was in the Bunch—Davies state.

4. v =3/2

To treat the case = 3/2 carefully, it is easiest to work with closed spatial
sections and a discrete set of mode functions in order to treat the most infrared
sensitive, spatially homogenedkis= 1 mode separately from the rest, instead of
dealing with an infrared sensitive continuous mode integral. The scale factor for
x = +1is given by Eg. (3.2). The general solution of the mode equation (2.6) is

V() = a fi(n) + B fie (), (4.1)
with
e-ikn
fu(n) = m(k+i tanp), k=2,3,..., 4.2)
The Wronskian condition
fuf — £ 1 =1, (4.3)
gives
el = 1Bkl? = 1. 4.4)

The Bunch—Davies state is given &y = 1 andgx = 0.
In Eg. (4.2), thek = 1 mode function is singular. Thus it must be treated
separately if the two-point function is to be free of infrared divergences. The
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behavior of th&k = 1 mode is
A .
Yi(n) = secn[E(n + sinp cosn) + B] (4.5)

and its normalization is
A*B - B*A=1. (4.6)

It has been shown thatif= 3/2 then the quantityyp?) grows linearly in terms
of cosmic timet with dt = ady (Allen and Folacci, 1987; Linde, 1982; Vilenkin
and Ford, 1982). The same type of behavior occurs for the nonzero components
of (T@) if m?a? = —12% # 0. To see this one can use Eg. (2.11) to divide the
energy—momentum tensor into a state dependen{fabt, and a state independent
part(Tap)an. They are separately conserved and explicit expressions for them in a
general RW spacetime are given in Anderson and Eaker (2000). The quaxyity
can be computed by substituting Egs. (4.1), (4.2), and (4.5) into Egs. (2.9a) and
(2.9b) and subtracting the relevant expression§ligy) 4 that are given in Anderson
and Eaker (2000). We find thél,p), approaches a state dependent constant in the
limit n — /2. We also find that the quantityl,p)an has the asymptotic behavior

3kt

A 205
Thus the nonzero components(()”ga)ren diverge in a state independent manner as
n— /2.

In the important case that = & = 0, two surprising results occur. First from
Eq. (4.7) it is seen thatT,,)an does not diverge asymptotically. Secofidp)n
does not approach a state dependent constant. To see why the latter result occurs,
it is useful to introduce the de Sitter invariant energy—momentum tensor found
by Allen and Folacci (Allen and Folacci, 1987; Folacci, 1991a,b; Kirsten and
Garriga, 1993). One can derive the expression for their energy—momentum tensor
by not including thek = 1 mode in the mode sum, choosing the Bunch—Davies
statex = 1 andpyx = 0 for the modes wittk > 1, and substituting the resulting
expressions into Eq. (2.10). The result is

119R?
138246r2°

Using Egs. (4.4), (2.9a), and (2.9b) we then find that for a general state (including
the contribution of thé&k = 1 mode)

(Tab)an — gab 35 Inga) — Oab7— = 4.7)

(Tab)AF = Gab (4-8)

&= _<T8>ren

|AI2 co$ n 1
= _<T8>AF +(1+2ny) 204

i {[an +2(1+ 2ny)

2.4
4 =
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x 1Bcl’] [ks cos'y + k(— cos' n+ % cog n)} + (14 2ny)

x |:(,3kozf<‘ ek 4 Bray e‘z”"’)k<— cosn + % cog n)

+ i (Braj €K1 — B e ZkM)k? cos n sin Tl} } (4.9a)
2|A12 co S
(Thren= (T)ar + (14 2ny1) 208 T In gt kXZ;{[an + 2(1+4 2ny)

x |Bl?Tk oS 1 + (1 + 2n)[(Beerys €7 + Bronce247)(—2k> cod' gy
+ k cog n) + 2i (Buaj €57 — Bray €7 2KMk? cos y siny). (4.9b)

Provided thek sums converge, it is clear that all the state dependent terms
contain at least one factoraf? = o2 cos n, and so vanishinthe limitof — .
However, the requirement that the state be fourth-order adiabatic just guarantees
this convergence, for the same reason as in the previous analysis in spatially flat

coordinates. Indeed we have

C(k)
|Bkl = 7t
N = Nk(f ), (4.10)

for someC(k) andN(Kk) that vanish ak — oo. This is sufficient to guarantee the
absolute convergence of all terms in the sums. Since all state dependent terms are
multiplied by at least two powers of cgs= «/a, which vanishes in the late time

limit » — %, we conclude that any fourth-order adiabatic state of the massless,
minimally coupled scalar field for which the two-point function is infrared finite,

has an energy—momentum tensor which approaches the AF yalygr in the

late time limity — 7.
5 v>3/2

Forv > 3/2, we again use the = 1 coordinates. The mode functions are
of the form (4.1) with the normalization (4.4). In Andersenal. (2000), it was
shown that

1 1 % —ikn
fk(n)=[F(HEH)ZF(HE_V)} ek!k

(5.1)

1—itanpy
2 2 ’

1 1
xFl=z+v, = —v;k+1; >
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whereF is the hypergeometric function. For all real values of

L T(k+3-v) : T(2v) (—i)< /i secy\" 2
fk(n_)2>_)|:2r‘(k+%+v):| Fly) W ( 3 ) . (5.2

Thus the modes grow like’~: at late times which implies that the leading order
terms in(T2) grow like a®~3 at late times. Therefor@,?) diverges exponentially

in terms of the cosmic timd, in a state dependent manner unless the leading
order terms cancel. In Andersenal. (2000), it was shown that this occurs for the
following values ofm andé¢ for a given value ob

2o V(-3 -1)

M= -2
_(2v-3)
€= 5oy (5.3)

The next to leading order terms {2) go like %~ so if v > 5/2, (T2) still
diverges exponentially unless the coefficient of the next to leading order terms
also vanishes.

6. SUMMARY AND DISCUSSION

We have shown that in the cas$év) < 3/2 the Bunch—Davies state serves
as a fixed point attractor for the energy—momentum tensor in the sense that, for
an arbitrary fourth-order adiabatic stat&,,) approaches the value it would have
if the field was in the Bunch—Davies state. This is a striking result. Certainly
no such attractor behavior @f,y), independent of initial conditions occurs in
Minkowski space for any mass. One may regard this result as a kind of cosmic
“no hair” theorem for scalar quantum fields in de Sitter space. It is in accord with
one’s classical intuition that any initial energy density satisfying the weak energy
condition ¢ + p > 0)isredshifted away by the exponential de Sitter expansion. At
asymptotically late times what is left behind is a kind of frozen “quantum vacuum
energy condensate,” satisfying the de Sitter invariant equation of gtate-¢.

This result justifies the choice of the Bunch—-Davies vacuum in calculations of
qguantum fluctuations dfeefields, i.e., without backreaction, in a long-lived de
Sitter expansion phase of inflationary cosmological models.

For v = 3/2, we have shown that ih?a? = —12¢ # 0, the nonvanishing
components of T2) diverge linearly with respect to cosmic time at late times indi-
cating the existence of a quantum instability. For the case ¢ = 0, the energy—
momentum tensor does not asymptotically diverge. Instead, for any fourth-order
adiabatic state for which the two-point function is infrared fin{{g5") asymptot-
ically approaches the de Sitter invariant value found by Allen and Folacci (Allen
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and Folacci, 1987; Folacci, 1991a,b; Kirsten and Garriga, 1993). There are two
reasons for this surprising result. One is that the coefficient of the asymptotically
divergent terms inTZ) vanishes ifm = & = 0. The other is that the coefficient
of the leading order (at late times) mode contributiongTg) also vanishes if
m=£&=0.

Finally, for the case > 3/2 we find that, for most values oh andé, the
nonzero components ¢T,2) diverge exponentially in proper time at late times in
a state dependent manner for an arbitrary fourth-order adiabatic state.

The divergent behavior of the energy—momentum tensor found $o13/2
is of exactly the same type as that found for the energy—momentum tensor of
classical scalar fields with the same valuemandé (Dolgov, 1983; Ford, 1987).
However, the fact that the effective mass of the field, which is equatts + £ R,
is tachyonic in this case and the fact that eitméior £ must be negative means that
the resulting instability of de Sitter space is probably of little physical relevance. A
similar observation applies to the instability found foe 3/2. Here the effective
mass is zero, but it is still necessary to have a negative value for either &.
However, it is possible that a similar divergence of the energy—momentum tensor
for gravitons occurs in de Sitter space. The reason is that in any RW spacetime
the mode equation for gravitons in a particular gauge is identical to that for the
massless minimally coupled scalar field (Grishchuk, 1974). Work is currently in
progress to calculate the energy—momentum tensor for gravitons in de Sitter space
in order to determine if such an instability exists.
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